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Abstract. This paper presents a sensitivity analysis for the dimensioning of
real-time systems in which sporadic tasks are executed according to the preemp-
tive Earliest Deadline First (EDF) scheduling policy. The timeliness constraints
of the tasks are expressed in terms of late termination deadlines. A general case
is considered, where the task deadlines are independent of the task sporadicity
intervals (also called periods). New results for EDF are shown, which enable us
to determine the C-space feasibility domain, such that any task set with its worst-
case execution times in the C-space domain is feasible with EDF. We show that
the C-space domain is convex, a property that can be used to reduce the number
of inequalities characterizing the C-space domain.

1 Introduction

This paper considers the problem of correctly dimensioning real-time systems. The correct
dimensioning of a real-time system strongly depends on the determination of the task Worst-
Case Execution Times (WCETs). Based on the WCETSs, a Feasibility Condition (FC) (1),
(10), (5) can be established to ensure that the timeliness constraints of all the tasks are always
met, regardless of their release times, when they are scheduled by either a fixed or a dynamic
priority-driven preemptive scheduling algorithm. The timeliness constraints are expressed in
terms of late termination deadlines imposed on the completion times of the tasks. The task
model is the classical sporadic model. A sporadic task set{ry, ..., 7,,} is composed ofi
sporadic tasks, where a sporadic tasls defined by:

e 1. its worst-case execution time (WCET).
e T;: its minimum inter-arrival time (also called, by extension, the period).

e D;: its relative deadline (a task released at timmust be executed by its absolute
deadlinet + D).

In the sequel, we assume the general case where deadlines and periods are independent.
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A recent research area called sensitivity analysis aims at providing interesting information on
the feasibility of a system when changing task WCETS, task periods (4), or task deadlines
(9). This permits, for example, finding a feasible task set, if the current one is not feasible, by
modifying the task parameters (WCETSs, periods, or deadlines) or determining the impact of
an architecture change on the feasibility of a task set (WCET change). In this paper, we are
interested in the sensitivity on WCETs. We want to determine the C-space feasibility domain
as defined by Bini and Buttazzo (3) when tasks are scheduled with non preemptive Earliest
Deadline First. The C-space is a regionroflimensions where each dimension denotes the
WCET of a task such that for any vect&dr= {z1,...,z,} in the C-space, task setis feasi-

ble.

In the case of Fixed Priority scheduling, when deadlines are less than or equal to periods, Bini
and Di Natale (4) have shown how to compute the maximum expansion facpplied to

all the WCETSs of the tasks to remain in the C-space at a reasonable cost (see Section 3), such
thatvr; € 7,7 = 1...n, the WCET ofr; is ax;. They finally propose a parametric equa-

tion of the C-space, detailed in Section 3. In the general case, when deadlines and periods
are independenty can be computed by successive iterations, where each iteration requires a
pseudo-polynomial time complexity. In this paper, we show how to derive from an analysis of
EDF in a time intervalmin(D, ..., D,),lem(Ty,...,T,)) the C-space region parametric
equation.

The rest of the paper is organized as follows. Section 2 reviews classical concepts for unipro-
cessor scheduling. Section 3 presents the state of the art in real-time scheduling with a focus on
Fixed Priority (FP) scheduling sensitivity analysis and EDF scheduling. In Section 4, we intro-
duce new results on EDF scheduling that can be useful for a sensitivity analysis of the WCETS.
We then establish the C-space feasibility region parametric equations. In Section 5, we show
in an example how to determine the C-space domain. Finally, we give some conclusion.

2 Concepts and notations

We recall classical results in the uniprocessor context for real-time scheduling.

e A task is said to be non-concrete if its request time is not known in advance. In this
paper, we only consider non-concrete request times, since the activation request times
are supposed to be unpredictable.

e Given a non-concrete task set, the synchronous scenario corresponds to the scenario
where all the tasks are released at the same time.

e EDF is the preemptive version of Earliest Deadline First non-idling scheduling. EDF
schedules tasks according to their absolute deadlines: the task with the shortest absolute
deadline has the highest priority. Ties are broken arbitrarily.

e FP is a preemptive Fixed-Priority scheduling according to an arbitrary priority assign-
ment.

e For FPhp(i) denotes the subset of tasks with a priority higher than or equal to that of
exceptr;.
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o Atask setis said to be valid with a given scheduling policy if and only if no task occur-
rence ever misses its absolute deadline with this scheduling policy.

n

e U=, 7 isthe processor utilization factor, i.e., the fraction of processor time spent
in the execution of the task set (8).Uf > 1, then no scheduling algorithm can meet the
task deadlines.

o Wilt) =i+ 30 em) [%W i

« W(t) =", [TL] ;.

e The processor demarfdt) is the amount of processing time requested by all tasks,
whose release times and absolute deadlines are in time infériaih the synchronous

scenario (1), wheré¢x | returns the integer part af. We have for a given task set
h(t) = Y7, hy(t)x; whereh; (t) = Max {o, 1+ V—TP-

)

® D, is the minimum deadlinéD,,;,, = Min{D1,...,Dy}).

e P s the least common multiple of the task periods€ LOCM{Ty,...,T,}).

e The synchronous scenario corresponds to the scenario where all the tasks are released at
the same time (at time 0).

3 State of the art

For Fixed-Priority (FP) scheduling, necessary and sufficient FCs have been proposed, based on
the computation of the task worst-case response times (6), (10). The worst-case response time
is obtained in the worst-case synchronous scenario and is computed by successive iterations. A
task set is then declared feasible if the worst-case response time of any task in the synchronous
scenario is less than or equal to its deadline.

In the case of deadlines less than or equal to periods for all tasks, the worst-case response time
r; of a taskr; is obtained in the synchronous scenario for the first releasgatftime 0 and is

the solution of the equation (&) = W;(r;). r; is computed by successive iterations and the

number of iterations is bounded by+ >°_ ., ;) {%J The FC has been revisited by Bini

and Buttazzo (3), who show that a necessary and sufficient feasibility condition for a task set
is: 3t € S, such thatV;(t)/t < 1, whereS = U_ ¢y, 1K1,k € N} N[0, D;]. For any task

T;, the times to check correspond to the arrival times of the tasks of higher priority-tfian

time interval[0, D;]. This feasibility has been improved by Bini and Buttazzo (3), who show
how to reduceS. For any task;, they show how to significantly reduce the number of times

to check in time interval0, D;] to at most2’~! times instead of + 3> ;. {%J times.

The C-space can be obtained at an acceptable complexity for a reasonable number of tasks
and can be used for a sensitivity analysis. This result can be used to determine the C-space
(n dimensions) feasibility region for the WCETs of a sporadic task set such that any vector
X = {x1,...,z,} of WCETSs in the C-space region leads to a feasible task set. The C-space
region is then defined as follows:
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Theorem 1. (3) LetT = 74, ..., 7, be a set of periodic taks indexed by decreasing priorities.
The C-space region whéfi, D; < T; is defined as the region such thaX = {z1,...,2,} €
Rt™

Vi=1...n,3t € P;_1(D;),z; + Z;;ll {TLJW x; whereP;(t) is defined by the recurrent

equation:

Po(t) =t
{ Pilt) = Pia(| £ | To) UPi = 1(1)

When deadlines and periods are independent, Tindell et al. (10) show that the worst-case
response time of a sporadic tagkis not necessarily obtained for the first activation request

of 7; at time0. The number of activations to considerlis- % , WhereL; is the length of

the worst-case levet; busy period defined by Lehoczky (7) as the longest period of processor
activity running tasks of priority higher than or equaktan the synchronous scenario. It can

be shownthal; = 3. ), )ur H—]W x;. From its definition,L; is bounded by U.P (5).

In that case, the complexity depends bnleading to a pseudo-polynomial time complexity.

In such a context, the characterization of the C-space might be very cosfiycomputed by
iterations, but the computation becomes more and more costly. Indeedowhereases, the
length of the levelr; busy period tends towards as the load utilization tends towards 1. As

a conclusion for FP scheduling, sensitivity analysis can be proposed in the case of deadlines
less than or equal to periods but not in the general case, because increasing the task WCETs
requires the recomputation of the lengths of the busy periods which tend toRaedgoten-

tially exponential length.

For EDF scheduling, Baruah et al. (1) show that a necessary and sufficient feasibility condition
isVt € [0,L),h(t) < t, whereL is the length of the first busy period in the synchronous
scenario. WherV' < 1, L can be computed by successive iterations and is a solution of

L = W(L). With this feasibility test, we have the same drawback as with FP in the general
case of independent periods and deadlines, as the value of L increases and tendsRowards
when we computer by increasing iterations.

We notice that, in both approaches, the dimensioning strongly depends on the values of the task
WCETs. We now introduce new results for EDF to determine the C-space feasibility domain.

4 Sensitivity analysis for EDF

This section is divided into two subsections. In Section 4.1, we revisit the classical feasibility
condition for EDF based on processor demand and establish new results for the feasibility of a
sporadic task set scheduled with EDF. In Section 4.2, we show how to determine the C-space
feasibility domain. The C-space region is expressed with parametric equation.

4.1 Revisiting the feasibility condition for EDF

The following lemma is an adaption of (1):

Lemma 1. Letr be a task setr feasible with preemptive EDE
g h(t)
upter+- { ¢ < L.



Hermant et al.

Proof. The necessary and sufficient feasibility condition for EDF is as follows: Task set
is feasible with preemptive EDF if and only it € R*, h(t) < ¢, which is equivalent to

Supecr++ {@} < 1. The conditionV < 1is clearly necessary &8up;cp-+- {@} <l=

U < 1. Indeed/im;_. (SupteRJr* {M}) =U
O

We now prove the following theorem, showing how to comptlii; c -+~ {@ }:

Theorem 2. Sup;cg+« {@} = Max {Uv SUPte (D10, P) {@}}

Proof. 1 & Firstly, we show thatM ax {U, SUPLe[Dyin, P) {%’s)}} <
Supier+ {@}

By definition, we havelim;_ ;o {@} < Supieg- {ﬁ} i.e.

U < Supiep++ {@} t t

Furthermore, we haveSup.c(p,.....p) {’L(tt } < Supiep+- { }
h(

} < Supiep+- {7)}

2 { Secondly, we show thaSup; g+~
Max {U, SUPte[Dyin,P) {@}}

Given thath(t) returns Ofor alt € [0, D,,;,), we havewt € [0, P), h(t) < Supicip,,...p) { (t)} x
t.

Furthermore, we have¥(t,ts) € RT x RY, to > t1, h(ta, A) — h(t1, A) < W(ts —t1, A).

It follows that: Max {U7 SUPie[D,in,P) {

)
)

Consequently, for allt, k) € [0, P) x N, we have:"LtBA) < MOTWREA),

h(t+kP.A)

h(t+kP.A)  SUPLEIDyy. {WM}t UkP
t-+kP

t+kP t+kP t+kP’
Max{U, Suz?te Dinin,P) { h(t) } }

It follows that Sup, s~ {@} < Maz {U, Supicip,.. p) {#}}

Hence, and

We therefore have the following theorem:

Theorem 3. A task setr is feasible with premptive EDE&

Supcr++ {@} = Max{U SupteM{ ()}} < 1, where

M=Uj_ {D;+ kT, 0 < by < [E522] — 1)
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Proof. Straightforward from Lemma 1 and Theorem 2.
SetM = JI_, {Dj +kj Ty, 0< kj < [P;jﬂ — 1} corresponds to the deadlines of the
tasks in time intervalD,,,;,, P) where functiom(t) varies. O

Notice that this test is valid for any WCET configuration and will be used to characterize the
C-space domain in Section 4.2.

4.2 C-space feasibility domain for EDF

Theorem 4. C-space domai®®PF () c R*" of X = (z4,...,z,) is defined as the subset
of X € R*" such that:

1 n
Supiep+~ 7 Z;hj(t)xj <1,
J:
This defines all the task sets feasible with EDF. We have:

DEPF (1) = { X e R*", Max SupteM{; Zhj(ﬁ)l'j},Z% =1
j=1 j=1 J

where:

" P-D;
— ) . < k. < J
M U {Dj+ij], 0<k; < [ T W 1}.
Jj=1
Proof. Straightforward from theorem 2.
O

From Theorem 3, C-space feasibility dom@i ¥ (1) is defined by a set ofi+1 constraints.

The firstm constraints come from the set of timesi, the (m + 1)** constraint comes from

the load utilization. We now show how to reduce the times to considat jrio extract from

the firstm constraints, the subset of times. M representing the most constrained inequal-
h(t)

ities, i.e. times wheréup;cr+- {T} is obtained. For any time;, starting from timet;

downtot,,,, we show how to determine if timig should be considered or can be removed from
M. We formalize the problem as a linear programming probRnfior each timet; we try

to maximize the objective functiof;_, h;(t;) z; taking into account thex — 1 constraints,

k # 1, Z?:l h;(ty) z; < ti. We then check if for time;, Z;‘L:I hj(t;)z; < t;. Ifitis the
case, then adding the constra@?=1 hj(t;) z; < t; for time ¢, will bring the same result,
i.e Z}‘Zl hj(t;) x; < t;. Hencet; can then be removed from. Otherwise, tim&; must be
kept, indeed)"7_, h;(t;) z; > t;. The constrainb_"_, h;(t;) z; < t; must be taken into
account.

We use thesimplex algorithm to solve for any time the maximization problem. The simplex
algorithm must be applied on convex regions. We can therefore apply it step by step on the
times of M provided that the C-space region obtained for any tipig convex (we show this
property in this section).
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Linear Programming problem

We now give in terms of a linear programming problem, the problem of determining if a time
t; in M should be kept or not. To solve this linear programming problem, we maximize step
by step every functioh(t;) = Z;;l h;(t;) z;, representing an objective function under the
following linear constraints:

U {nte) <t}
k=1
k#i
The linear programming problem can be expressed by means of a mattiirnds andn

rows where the value at lineand rowg is h,(t,) except for linep = i where it is equal t®.
We multiply this matrix with a times vectak = {z1,...,z,} and check if the result is less
than a time vector such that any lifie# 4, equals ta;; and line: equals to O (the constraint
for line i is always met). The linear problef associated to timg is as follows:

Mazimize 375, hj(ti) x;,
[ ha(ty) hao(ty) -+ hp(t1) ] x1 t
‘ ha(ti-1)  ho(tiz1) -+ ha(ti-1) : tiy
(F2) 0 0 0 0 < 0
hi(tiy1) ho(tivi) -+ ha(tiz1) : tit1
) holtn) o ) ] o) N ),
x1 >0, 2020, ..., z, > 0.

Linear Problem 1. Optimisation problen®; associated to timg

C-space domain convexity

Let&; ¢ R*" be the closed region of = (x4, ..., z,) meeting the following property :
1 ¢ t; — D
. ZMax{O,lJr { T fJ}xj <1
J=1
Hence :

o +n L . i J ) )
&={XeR ,ti;Maz{o,H{ T J}m]<1 Lt e M.
Lemma 2.

The set; € RT" isconvex That s :

VX, X)) e &, VA€ 0,1, \X +(1 -\ X' €&,

Proof. By definition, we have:
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- t; — D,
XGSZ©ZMG${0,1+{ T jJ}xj<ti7
o t;— D
X’ESZ‘(:)ZMaa:{O,l—i-{ZTj ]J}Tjétz

j=1

Furthermore, we havk € [0, 1]. It follows:

¢ i—D; - i — D,
A ZMax{O,l—i— V‘ T, JJ}xj+(1—A) ZMam{O,l—i— VJJ}QC; <t
j=1

T.
j=1 J

Hence, we have:

Zn:Maa: {o, 1+ Vi ;ijJ } (A + (1 - N ) <t

J
j=1
Finally, we have:

AX 4+ (1-N) X €é&.

The C-space regiofi ¢ R*" of X = (z1,...,z,) meeting :

, 1 & t—D;

let*,+oo tZMax{O,l—i—{ T jJ}J}J <1
Jj=1

is denoted:

E={XeR, Lim 1iMcm; 0,1+ t-D; zi v <1
- ) t——4o00 tj:l ) Tj i ~

Lemma 3. The C-spac& € R™" is convex That s :

VX, X') € &2, VA€ [0,1], A\ X + (1 - )\ X' €&.
Proof. By definition, we have:

Li lzn:M 0,1+ |22 L
Tmy—, — az < 0, Ty = .
e ) 4 T; J T;

j=1 J j=1"7
Furthermore, we haveX € £ < 377 ;—j <landX' €&« 30, % <1

By hypothesis, we hava:e [0, 1].Itfollows: A 377, 7+ (1—X) 37, 7 < 1.
Hence, we have:
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— .’,E,»
> T I <1,

Jj=1

Finally, we have:
AX+(1-MNX €&
O

The C-space feasibility domai®P¥ (7) ¢ RT" of X = (x4, ..., ,) meeting the following
inequation:

1< t— D
Supscr+= tZMCw{O,l‘F{TjJJ}xj <1,

j=1

is denoted:

n 1O t—D;
DEPF(1)y = { X e RT", Supycpi- n ZMG(E {0,1+ { T JJ}xj <1
i=1 /

Corollary 1. The C-space regioPZPF (1) € R*" is convex That is :

Y(X,X') € DFPE (1) x DEPF(7), VA € [0,1], AX + (1 —\) X' € DEPF (1),

Proof. From theorem 4, we have:

Supyeg++

| =

ZMa:L' {0, 1+ V_DJJ }xj
T,
j=1 !

1 t=Dj
S’Upte[Dmm,P[U{JrOO} " ZM@.Z‘ {0, 1+ \‘TJJ } T
j=1

1 - t*Dj - Zj
Maz { Suprem tZMax{O,lJrLTJ}Ij ,Zf

j=1 J j=1 J

By definition, we have:

DFPE(ry = { X e RT" | Supycps

o~ | =

n t—D
ZMaa:{O,1+ {]J}xj <1
T}

j=1

It follows:
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DEDF(T)—{XGR”,SupteM{ ZMax{01+V T]DJ} }<1AZTJ }

Jj=1

Therefore we have:

DEPE (7 (ﬁf:)ﬂe

The intersection of a finite number of convex C-space regior®'ifi is a convex region in
R*".
O

Corollary 2. The C-space feasibility domai P () is the intersection of a finite number
convex and closed regions. It is thereforeavex polytopén R*".

Furthermore, the C-space doma’ P ¥ (1) is a closectonvex polytopelt is thereforeconvex
polyhedran R*+".

5 Numerical applications

Let us consider a sporadic task set= {71, 72,73}, composed of three non concrete tasks
where for any task;, T; and D; are fixed and:; € R™ the WCET of the task is a parameter.
T (l‘l,Tl,Dl) = (1‘1,7,5), Ty ($2,T27D2) = (J,‘g,ll,?) and7-3 : (l‘g,Tg,ng) =
($3, 13, 10)

We have with this exampleP = 1001 and D,,,;, = 5. From Theorem 3, we must consider
the setM of times for the computation df(¢) in time interval[5, 1001[ whereM is given by:

M={5+7ky, k1 €{0,...,142}} U
{7+ 11ko, ky €{0,...,90}}U
{10+13k3, ks € {0,,76}}

In this example, we haver = Card(M) = 281 times inM.
We recall that the C-space feasibility doma¥ ¥ (r) for EDF is defined by a set ofi + 1
linear constraints:

DEDF(T)={XGR+", SupteM{iiMax{0,1+VTTijJ} } iTJ }

j=1

Applying the simplex algorithm on the Linear Problem 1, for any time M, starting from
time ¢, down to timet,,,, we obtain the following subsét; of times in M maximizing h(t) for
any vector of duration&{ = {z,...,z,} € RT". We solve this problem with the classical
simplex algorithm implemented in the Maple 11 computer algebra system.

Sy = {5,7,10,12,19, 40,62} C M.
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We have:
h(t) T1 X1+ 22 T+ x9+ 23 221 + 20 + T3
S * — :M —
UPteRr+ { t } ax{ 57 7 ) 10 ) 12 )
3x1+2x2+x3 61 +4x2+32x3 921 +622 + 523
19 ’ 40 ’ 62 '
As:
T1+ a0 <7
<
{ Dy + 29 + w5 < 12 = 3x1+ 222+ 23 <19,

1 +x2+ 23 <10
221 + 22 + 23 <12 = 9z 4+ 629 + 523 < 62.
6x1 +4xo+ 323 <40

We can still reduce the times to test.$g, valid for any configuration ofX in the C-space
domain where5; = {5,7,10,12,40} C S;.

Finally, if we considef(t)/t for every times inS,, and from Theorem 3 we have:
SupteR+* {}“t)} ::Afaa;{gi T1+x2 xidzotws 2x1+x0tT3 6w1+412+3m3’£% +>%% +>%%

t 57 7 ? 10 ) 12 ? 40
Hence,
h(t;
DEPE(r) = {X € R?, Sup,cp+- { ( n T)} < 1},
DEDF(T) —
0 S |£L’1| S 5,

0 < aa| <7 = fan],

0< |z3| <
Min {10 — |z1] — |z2],12 — 2|@1| — |22, (40 — 6 21| — 4|x2]), 2= (1001 — 14321 | — 91|22|) } .

We show in figure 1 a graphical representation of the C-space obtained with our example.

FIG. 1 — C-space feasibility domai“P ¥ (1)
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6 Conclusion

In this paper, we have presented new results for a sensitivity analysis of preemptive EDF.
We have considered sporadic tasks with independent periods and deadlines. Our goal was to
express the C-space feasibility domain with parametric equations. We have also shown that the
C-space domain can be obtained from an analysis of EDF in a time interval of duration bounded
by the least common multiple of the task periods. From this analysis, a linear programming
problem is identified and solved with the simplex algorithm. We have shown on an example
that this enables us to significantly reduce the complexity of the C-space domain equation.
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